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Motivation

Goal: Develop complete decision procedures for programs

while ( 0 ≤ x + y ≤ 10 ) do

(x , y)← (x + 1, 2 · y)

• Does this program terminate?
• How often do we execute the loop?
• Does the program have constant

runtime?

Applications in . . .
• automatic complexity analysis
• no “approximation” of loops needed in abstract interpretation, symbolic

execution, recurrence analysis, loop summarization, . . .
• synthesis of multiphase-ranking functions (Ben-Amram et al. (SAS 2019))
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Analyzing Single-Path Loops

• Termination and complexity analysis of programs are undecidable
• Goal: Find classes of programs where these problems are decidable

• Tiwari (CAV 2004)
• termination is decidable over R

while (φ(x) ) do x← A x+b

• Braverman (CAV 2006)
• termination is decidable over Q
• termination is decidable over Z if b = 0

• Frohn, Giesl, and Hark (CAV 2019; SAS 2020)
• termination is decidable if A has real spectrum

while ( 0 ≤ x + y ≤ 10 ) do

(x , y)← (x + 1, 2 · y)

• Hosseini, Ouaknine, and Worrell (ICALP 2019)
• termination is decidable over Z

while ( 0 ≤ x + y ≤ 10 ) do(
x
y

)
←

(
1 0
0 2

)(
x
y

)
+

(
1
0

)
• Main Result: Constant runtime is decidable over R if A has real spectrum
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Constant Runtime of Single-Path Loops (Preprocessing)

• Constant runtime is decidable over R if A has real spectrum

• Reduce problem to non-negative spectrum by chaining

while (φ(x) ) do x← A x + b has constant runtime

if and only if

while (φ(x) ∧ φ(A x + b) ) do x← A (A x + b) + b has constant runtime

λ1, . . . , λk eigenvalues of A =⇒ λ2
1, . . . , λ

2
k eigenvalues of A2
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Constant Runtime of Single-Path Loops

• Closed-form expression after n iterations of A:

cf (n,x) =
∑

i αi(x) · nai · λi
n

with polynomials αi over x, ai ∈ N, and λi ∈ R>0

while (φ(x) ) do x← A x + b has constant runtime

if and only if

there exists C ∈ N. ∀x ∈ Rd . ∃n ∈ {0, . . . ,C − 1}. ¬φ(cf (n,x))

Example:

while ( 0 ≤ x+y ≤ 10 ) do (x , y)← (x + 1, 2 · y)

cfx(n,x) = x + n and cfy(n,x) = 2n · y
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Properties of cf (n,x):

• cf (n,x) always diverges towards ±∞ (or is
constant)

• Non-Termination: there exists x such that
cf (n,x) diverges towards∞

• cf (n,x) has constantly many real “roots”
independent of x

• there exists constant rb ≥ #roots

C

guard fulfilled

n

cf (n,x) > 0
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Constant Runtime of Single-Path Loops (Root Bound)

while (φ(x) ) do x← A x + b has constant runtime

⇐⇒ there exists C ∈ N. ∀x ∈ Rd . ∃n ∈ { 0, . . . ,C − 1 }. ¬φ(cf (n,x))

⇐⇒ there exists C ∈ N. ∀x ∈ Rd .
∨

n∈{ 0,...,rb }

¬φ(cf (n ·C,x))

⇐⇒ there exists C ∈ N. ¬∃x ∈ Rd .
∧

n∈{ 0,...,rb }

φ(cf (n ·C,x))

Example:

while ( 0 ≤ x+y ≤ 10 ) do (x , y)← (x + 1, 2 · y) has constant runtime

⇐⇒ ∃C ∈ N. ∀x ∈ Rd . ∃n ∈ { 0, . . . ,C − 1 }. ¬(0 ≤ x + n + 2n · y ≤ 10)

⇐⇒ ∃C ∈ N. ¬∃x ∈ Rd .
∧

n∈{ 0,...,6 }

0 ≤ x + n ·C + 2n·C · y ≤ 10
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Constant Runtime of Single-Path Loops (Fourier-Motzkin)

while (φ(x) ) do x← A x + b has constant runtime

⇐⇒ there exists C ∈ N. ¬∃x ∈ Rd .
∧

n∈{ 0,...,rb }

φ(cf (n ·C,x))

⇐⇒ there exists C ∈ N. ¬
∧

0 <
(−)

pe
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Example:
while ( 0 ≤ x+y ≤ 10 ) do (x , y)← (x + 1, 2 · y) has constant runtime

C · rb = 66

⇐⇒ ∃C ∈ N. ¬∃x ∈ Rd .
∧

n ∈{ 0,...,6 }

0 ≤ x + n ·C + 2n·C · y ≤ 10

⇐⇒ ∃C ∈ N. ¬∃x ∈ Rd .
∧

n ∈{ 0,...,6 }

−n ·C − 2n·C · y ≤ x ≤ 10− n ·C − 2n·C · y

⇐⇒ ∃C ∈ N. ¬(0 ≤ −4C ·C + 10 · 4C + 2C · 2 ·C + 10 · 2C −C − 20 ∧ . . . )
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Decidability Results:

Constant runtime is decidable over R if A has real spectrum
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Loopy

Implemented in Loopy using SymPy:

• Experiments on linear single-path loops
from the TPDB (1336 examples)

• Loopy average runtime of 1.71 seconds

Comparison to complexity analysis tools
• lower bounds: LoAT
• upper bounds: CoFloCo and KoAT

Tool O(1) ̸= O(1)

Loopy 76 1260

KoAT 6 —
CoFloCo 5 —
LoAT — 1226
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Conclusion

Constant runtime of loops like while (φ(x) ) do x← A x + b

Decidability Results:
• Constant runtime is decidable over R if A has real spectrum
• Constant runtime is decidable over Q if A has real spectrum
• Constant runtime is decidable over Z if A has spectrum {−1, 0, 1}
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Future Work:

• Extend approach over real spectrum by polyhedral preconditions
• Handle arbitrary complex-valued eigenvalues

Implementation in Loopy

Thank You!
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